
Quantum Field Theory I: PHYS 721
Problem Set 2

Chris Monahan

The questions in this problem give you some practice at manipulating groups and repre-
sentations of the Lorentz group.

Question 1 [8 pts]

(a) Show that the translation operator

Û(a)|ψ(x)〉 = |ψ(x + a)〉

is unitary.

(b) Show that translations act on the position operator x̂ as

Û †(a)x̂ Û(a) = x̂ + a.

(c) Show that translations satisfy the properties of a group.

Question 2 [12 pts]

(a) Show that the Lorentz group generators in the vector representation, given by

(
1
Jµν)αβ = i

(
δµ

αδ
ν
β − δ

µ
βδ

ν
α

)
satisfy the Lorentz Lie algebra, that is, show that

[
1
Jµν ,

1
Jρσ] = i

(
gνρ

1
Jµσ −gµρ

1
Jνσ −gνσ

1
Jµρ +gµσ

1
Jνρ

)
.

(b) Show that the Lorentz group generators in the spinor representation, given by

1
2
Jµν= i

4[γµ, γν ],

satisfy

[
1
2
Jµν , γρ] = i (γµgνρ − γνgµρ) .
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(c) Show the Lorentz group generators in the spinor representation satisfy the Lorentz Lie
algebra, that is, show that

[
1
2
Jµν ,

1
2
Jρσ] = i

(
gνρ

1
2
Jµσ −gµρ

1
2
Jνσ −gνσ

1
2
Jµρ +gµσ

1
2
Jνρ

)
.

You may find the result from part (b) helpful.
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